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SHIPING LIU AND CHARLES PAQUETTE 

Abstract. We provide criteria for an Auslander-Reiten component liaving 
sections of a KruII-Schmidt category to be standard. Specializing to tlie cate- 
gory of finitely presented representations of a strongly locally finite quiver 
and its bounded derived category, we obtain many new types of standard 
Auslander-Reiten components. An application to the module category of a 
finite-dimensional algebra yields some interesting results. 

Introduction 

Standard Auslander-Reiten components of the module category of a finite di- 
mensional algebra are extremely interesting, since the maps between modules in 
such a component can be described in a simple combinatorial way; see [HITS]. This 
kind of components appears mainly for representation-finite algebras, hereditary 
algebras, tubular algebras and tilted algebras; see [T3], and each of them has at 
most finitely many non-periodic Auslander-Reiten orbits; see [14] . In particular, 
the regular ones are stable tubes or of shape 1A with A a finite acyclic quiver. 

On the other hand, the Auslander-Reiten theory has been extended to KruU- 
Schmidt categories; see [2l[Tl]. It is natural to expect that new types of standard 
Auslander-Reiten components will appear in this context. Indeed, in the most 
general setup, we shall find various criteria for such an Auslander-Reiten compo- 
nent having sections to be standard. In particular, an Auslander-Reiten compo- 
nent which is a wing or of shape NA^, N^A^ or ZAqo is standard if and only if 
its quasi-simple objects are pairwise orthogonal bricks. Specializing to rep^((3), 
the category of finitely presented representations of a connected strongly locally 
finite quiver Q, we prove that the preprojective component and the preinjective 
components are standard; and every component is standard in case Q is of finite or 
infinite Dynkin type. Applying this to the bounded derived category D^{iep^{Q)) 
of rep+((5), we show that the connecting component is standard; and every compo- 
nent is standard in the Dynkin case. All these particularly establish the existence of 
standard Auslander-Reiten components which are wings or of shapes NA+j, N~Aj^ 
and ZZ\ with A any strongly locally finite quiver without infinite paths. Further- 
more, specialized to the module category modA of a finite dimensional algebra A, 
our criteria become surprisingly nice and easy to verify; see p.ip . As a consequence, 
an Auslander-Reiten component with sections of mod^ is standard if and only if 
it is generalized standard, if and only if it is the connecting component of a tilted 
factor algebra of A. Finally, we remark that some of our results will be applied in 
the future to study cluster categories of infinite Dynkin types. 
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1. Standard components having sections 

Throughout this paper, k stands for an arbitrary field. A fc-category is a category 
in which the morphisni sets are fc- vector spaces and the composition of morphisms 
is fc-bilinear. A /c-category is called Horn-finite if its morphism spaces are all finite 
dimensional over fc, and Krull- Schmidt if every non-zero object is a finite direct 
sum of objects with a local endomorphism algebra. 

For the rest of this section, let C stand for a Hom-finite KruU-Schmidt additive fc- 
category. The radical morphisms in C are those in the Jacobson radical rad(C). One 
calls rad°°(C) = n„>irad"(C) the infinite radical of C, where rad"(C) is the n-th 
power of rad(C). Two objects X,Y inC are said to be orthogonal if Home (-'f, Y) ~ 
and }iomc{Y,X) = 0. If X G C is indecomposable, then the division algebra 

= End(X)/rad(X, X) is called the automorphism field of X, and we shall call 
X a brick provided that Endc{X) is trivial, that is, Endc(^) = k. Let f : X ^ Y 
be a morphism in C. One says that / is irreducible if it is neither a section nor 
a retraction, and any factorization f = gh implies that /i is a section or g is a 
retraction. Moreover, / is called left almost split if it is not a section and every 
non-section morphism g : X ^ M in C factors through /; left minimal if every 
endomorphism h of Y such that f = hf is an automorphism. In a dual manner, 
one defines / to be right almost split and right minimal. Further, / is called a source 
morphism for X if it is left minimal and left almost split, and a sink morphism for 
Y if it is right minimal and right almost split. A sequence of morphisms 

f a 

in C with y 7^ is called almost split provided that / is a source morphism and 
a pseudo-kernel of 5, while g is a, sink morphism and a pseudo-cokernel of /; see 
[TTl (1.3)]. In case C is abelian or triangulated, the definition of an almost split 
sequence given here coincides somehow with the classical one; see [TTl (1-5): (6.1)]. 

We shall make a frequent use of the following easy result. 
1.1. Lemma. Let C have an almost split sequence as follows: 

(1) There exists a k-linear isomorphism k^ ^ k^ . 

(2) If u : M Yi is a morphism in C such that giu = 0, then there exists some 
w : M ~> X such that u = fiw and f2W = 0. 

(3) If V : Yi ^ N is a morphism in C such that vfi = 0, then there exists some 
w : Z ^ N such that v — wgi and wg2 — 0. 

Proof. Statement (1) is implicitly stated and proved in the proof of IT, (2.1)]. Let 
It : M — >• Yi be such that giu = 0. Then (5i,52)(q) = 0, and hence there exists 
some w : M X such that (q) = (^^)w. This proves Statement (2). Dually, we 
can show Statement (3). The proof of the lemma is completed. 

The Auslander-Reiten quiver of C is first defined to be a valued translation 
quiver as follows. The vertex set is a complete set of the representatives of the 
isomorphism classes of the indecomposable objects in C. For vertices X and Y, we 
write d'^Y ^^'^ '^xi- dimensions of 
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irr(X, Y) = radix, Y)/m<f{X, Y) 

over and respectively, and draw a unique valued arrow X ^ Y with valuation 
{d^Y J d'xY ) if ^-i^d only if > 0. The translation r is defined so that tZ = X if and 
only if C has an almost split sequence X — Y — Z. A valuation (d^Y j d'^Y ) 
called symmetric if d^^^ = d'^y i ^'^d trivial if c?^^ = d'^^,-^ = 1. Next, is modified 
in such a way that each symmetrically valued arrow X ^ Y is replaced by 
unvalued arrows from X to Y . That is, becomes a partially valued translation 
quiver in which all valuations are non-symmetric; see |1H (2.1)]. 

Let i7 be a convex subquiver of F^ in which every object has a trivial automor- 
phism field. In particular, — d'^Y for all X,Y G S. By our construction, S is 
a non- valued translation quiver with possible multiple arrows. Thus, one can define 
the path category kE and the mesh category k{E) of E over fc; see, for example, 
[131 (2-1)]. In the sequel, for u € kE, we shall write u for its image in k{E). 

1.2. Definition. Let be a convex subquiver of F^, and let C{E) be the fuh 
subcategory of C generated by the objects in E. We shall say that E is standard 
provided that every object in E has a trivial automorphism field and there exists 
a fc-equivalence F : k{E) C{E), which acts identically on the objects. 

1.3. Lemma. Let E be a convex subquiver of F^, and let F : k{E) — )■ C{E) be 
a k-equivalence acting identically on the objects. If X,Y G E, then the classes 

-f rad^(X, F) form a k-basis of irT{X,Y), where a ranges over the set of 
arrows from X to Y . 

Proof Let X,Y e E. For 1 < z < 2, consider the fc-subspace X^^\X,Y) of 
k{E){X,Y) generated by the p, where p ranges over the set of paths of length 
> i from X to Y. Write Ei{X,Y) for the set of arrows from X to Y. Since 
the mesh relations are sums of paths of length two, the classes a + I^^^ {X,Y), 
with a £ Ei{X, Y), are fc-linearly independent, and hence, they form a fc-basis for 
X (1) (X, r ) /I (2) {X, Y) . Thus, I (X, y ) /I (2) {X, Y) and irr (X, Y) are of the same 
fc-dimension. Since F induces a ^-isomorphism F : k{E){X,Y) Ylomc{X,Y), 
it is easy to see that F induces a fc-epimorphism F : X''^^{X,Y) rad(X, F). In 
particular, F maps X'^^'^ {X,Y) into rad^(X, F). This yields a fc-epimorphism 

F ■.l'-^^X,Y)/l'-^\X,Y) ^irr(X,y) : u + l'-^\X,Y) ^ F{u) + T£id^{X,Y), 
which is necessarily an isomorphism. The proof of the lemma is completed. 

Given a quiver E with no oriented cycle, one constructs a stable translation 
quiver ZE; see, for example, [131 (2-1)]. We denote by NE the full translation 
subquiver of Zi7 generated by the vertices {n,x) with n > and x £ E, and 
by N'E the one generated by the vertices {n,x) with n < and x £ E. Now, 
let r be a connected component oi F^. A connected full subquiver A ot F is 
called a section if it is convex in F, contains no oriented cycle, and meets every 
T-orbit in F exactly once. In this case, every object in F is uniquely written as 
t"X with n G Z and X G A, and there exists a translation-quiver embedding 
F ZA : t"X ^ {-n,X); see [TOI (2.3)]. We denote by A' the full subquiver 
of F generated by the vertices r"X with n > and X G A, and by z^"*" the one 
generated by the vertices t"X with n < and X £ A. One says that Z\ is a 
right-most section if — 0; and left-most section if =0. 



4 



SHIPING LIU AND CHARLES PAQUETTE 



In order to state and prove the following main result of this section, we need some 
terminology and notation. Firstly, an infinite path in a quiver is called left infinite 
if it has no starting point; and right infinite if it has no ending point. Secondly, 
given two (possibly empty) subquivers S7 of F^, we shall write HomdS, I?) = 
in case }iomc{X,Y) — for all possible objects X ^ S and F G i7. 

1.4. Theorem. LetC be a Horn-finite Krull- Schmidt additive k-category, and let F 
be a connected component of F^ having a section A. If A'^ has no left infinite path 
and A^ has no right infinite path, then F is standard if and only if A is standard 
such that Homc(/4+, A U A') = and Homc(Z\, A') = 0. 

Proof. Suppose that A'^ has no left infinite path and A~ has no right infinite path. 
Assume first that F is standard. In particular, A is standard. Since F embeds in 
ZA, we sec that F has no path from X to F in case X £ and Y £ AU A^ , or 
X £ A and Y £ A^ . This shows the necessity. 

Assume conversely that A is standard such that Homc(^~'', A U A~) = and 
IIomc(Z\, Z\~) = 0. In particular, every object in A has a trivial endomorphism 
algebra. Being of the form t"A with n £ Z, and X £ A, hy Lemma FLir i). every 
object in F has a trivial automorphism field. Since every object in zi"*" has a sink 
morphism and zi is a section, is locally finite. By Konig's Lemma, A'^ has 
only finitely many paths ending in any pre-fixed object. Thus, for each object 
M £ AU A'^ , we may define an integer n^,^ > in such a way that n^,^ = if 
M £ A; and otherwise, n^^^ — 1 is the maximal length of the paths of A'^ which end 
in M. The following statement is evident. 

(1) Let p : X Y be a non-trivial path in F . If X £ A\J Z\+, then F e Z\ U Z\+ 
with < n^, and the equality occurs if and only if X,Y £ A. 

For each rt > 0, denote by the full subquiver of F generated by the vertices 
A e Z\ U with < n, which is clearly convex in F. Moreover, denote by 
F^ the union of the with n > 0, that is, the full subquiver of F generated by 
U A. The following statement is an immediate consequence of Statement (1). 

(2) If p : X Y is a non-trivial path in with n > 0, then A G -T", and 
consequently, p ^ F^^ if and only if Y ^ F^ . 

Now, let : k{A) ^ C(A) be a fc-linear equivalence, acting identically on the 
objects. Since A contains no mesh of F , we have k{A) = kA. Assume that n > 
and extends to a full /c-linear functor F" : /cT" C{F^), acting identically 
on the objects and having a kernel generated by the mesh relations. In order to 
extend F" to kF"^^, we shall need the following statement. 

(3) If f : X ^ Y is a non-zero radical morphism in C{F"'~^^), then F""*"^ has 
a non-trivial path from X to Y . To show this, we claim that there exists M £ A, 
which is a predecessor of Y, such that Home (A, A/) ^ 0. Indeed, suppose that 
this claim was false. Then, Y £ A'^ . Since Z\ is a section in F, every immediate 
predecessor of an object A'^ lies in A'^ U Z\. Since every object in A'^ admits a sink 
morphism in C, by factorizing the radical morphism /, we get a left infinite path 

in such that IIomc(A, Yi) ^ for all i > 0, contrary to the hypothesis on Z\^. 
Thus, A does contain an object M as claimed. Since Homc(Z\^, A) = 0, we have 
X £ A. Since kA = C(Z\), there exists a path in A from A to M. This yields a 
non-trivial path in F from A to Y . Statement (3) is established. 
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Fix Z e r"+i\r". Observe that Z e Z\+ and rZ £ zl+ U A. Thus, fcr"+^ 
has a mesh relation bz = PiCa, where a-i : tZ — > Yi, i = l,...,r, are the 

arrows starting in tZ and Pi : Yi ^ Z , i ~ 1, . . . ,r, are the arrows ending in Z. 
By Statement (2), rZ, Yi, . . . , G -T "- Since rZ admits a source morphism in C, 
it follows from Lemma O that / = (-F"(ai), F"{ar))'^ : tZ Yi ® ■■■ ®Yr is 
a source morphism, which embeds in an almost split sequence 

tZ Yi®---®Yr ^11:— z 

in C; see [HI (1.4)]. Set = Z, F"+i(e^) = 1^, where is the trivial 

path at Z, and F"+^(/3i) = g^, for i = 1, . . . , s. In view of Statement (2), we have 
defined on the vertices, the trivial paths, and the arrows in F"'^^. In an 

evident manner, we may extend F" to a /c-functor : fcr""*"^ C(r"+^), 

acting identically on the objects. 

Let u : Y ^ Z he a, non-zero radical morphism in C(r"^^). By Statement 
(3), r"^^ has a non-trivial path from Y to Z, and hence y G -T" by Statement 
(2). li Z then, by the induction hypothesis, u — F"{p) for some morphism 

p : y — > Z in fcr". Otherwise, Z is the ending term of an almost split sequence 
(*) as stated above. Then u = 9i^i^ with morphisms Ui : Y ^ Y^ in C. Since 

Yi e r", there exists pi : Y ^ Yi in fcr" such that = F^{pi), for « = 1, . . . , r. 
This yields u = F"+^lj2l=i PiPi)- That is, is full. 

Next we shall show, for £ kF'''+^, that F'^+^iO) = if and only if 9 lies in the 
mesh ideal of kF"+^. In view of the induction hypothesis, we may assume that 9 
is non-zero of the form 9 : Y ^ Z with Z e r»+i\r". In particular, r"+^ has a 
non-trivial path from Y to Z. By Statement (2), Y e F". Suppose first that 9 lies 
in the mesh ideal of kF . For simplicity, we may assume that 9 ~ ( 5 a, where 
(7, (5, ^ € kF^~^^ with 6 a mesh relation. If C, has as a non-zero summand a multiple 
of a non-trivial path, then 5 e fcr" by Statement (2). Hence, F"+i(6') = by the 
induction hypothesis. Otherwise, 5 is the mesh relation 5z as stated above, and 
9 = (X]I=i f^i'^i)Vi where 77 : y — > tZ is a morphism in fcF". Since (*) is an almost 
split sequence, we obtain F"+^(6') = 0. 

Suppose conversely that F"+^(6') — 0. Consider the mesh relation 6z and the 
almost split sequence (*) as stated above. Then 9 = X][=i ft^ij where 9i : Y ^ Yi 
is in fcr". Since X^Li F"+i(/3,)i^"(6'i) = F"+i(6l) = 0, there exists w : y ^ rZ in 
C such that F'^{9i) = F'^{ai)v, for i = 1, . . . , r. Since F" is fuU, v = F"(r;) with 
77 : y — >■ rZ in fcF". Hence F"{9i) — F"'{airi), and by the induction hypothesis, 
9i — aiTj lies in the mesh ideal of fcF", z = 1, . . . , r. As a consequence, 

lies in the mesh ideal of fcF"^^. This shows that is full and its kernel is 

generated by the mesh relations. By induction, F^ extends to a full /c-functor 
F+ : kF^ — > C(r^), acting identically on the objects and having a kernel generated 
by the mesh relations. 

Finally, for each object TV e T, we may define m„ > so that m„ = if 
N £ F^] and otherwise, m^^ — 1 is the maximal length of the paths of A~ which 
start in N . For m > 0, denote by r*-'"-* the full subquiver of F generated by the 
objects y with < m. Then F is the union of the F^™) with m > . In a 
dual manner, we may apply the induction on m to show that F^ extends to a full 
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A;- functor F : kF — s- C{F), which acts identically on the objects and has a kernel 
generated by the mesh relations. The proof of the theorem is completed. 

1.5. Lemma. Let F be a connected component of F^, containing a section A. 

(1) // A has no left infinite path, then A'^ has no left infinite path. 

(2) // A has no right infinite path, then A^ has no right infinite path. 

Proof. It suffices to prove Statement (1). Suppose that A'^ has a left infinite path 
*- T-"'X, ^ T-'^^Xi T-"°Xn, 

where Xi £ A and Ui > 0. Since F embeds in ZZ\; see [TUl (2.3)], we see that 
Ui < Ui^i for all i > 0. As a consequence, there exists r > such that Ui = Ur for 
i > r. Thus ■ • • — 5~ Xi — s- • • • — Xr is a left infinite path in A. The proof of 
the lemma is completed. 

We shall say that a sink morphism in C is proper if it either is a monomorphism 
or fits in an almost slit sequence; and dually, a source morphism is proper if it 
either is an epimorphism or fits in an almost slit sequence. Observe that sink or 
source morphisms in an abelian category are all propre. The following result is a 
generalization of Lemma 3 stated in [13, (2.3)]. 

1.6. Theorem. Let C be a Horn-finite Krull- Schmidt additive k-category. Let F be 
a connected component of F^ , and let A be a section of F in which every object 
has a trivial automorphism field and admits a proper sink morphism as well as a 
proper source morphism. If A has no infinite path, then F is standard if and only 
if Homc(Z\+,/i") = 0. 

Proof. Suppose that A has no infinite path. By Lemma ll.Si has no left infinite 
path and A^ has no right infinite path. We shall need the following statement. 

Sub-Lemma: Let M e F with Homc(A/, Z\") = 0, and let N e A. If C has a 
non-zero radical morphism f : M ^ N , then F has a non-trivial path M N . 

Indeed, suppose that F has no non-trivial path from M to N. By assumption, 
N admits a sink morphism g = {gi, ■ ' ' :9r) : Ni (B ■ ■ ■ (B Nr N , where Ni G F. 
E f : M ^ N is non-zero and radical, then f = J2l=i 9ifi> with fi : M ^ Ni in 
C. We may assume that /i is non-zero. Since Z\ is a section, Ni G AU tA; see [TOj 
(2.2)]. Since Homc(M, A^) = 0, we have A^i £ A. Since F has no path from M 
to Ni, we see that /i is radical. Repeating this process, we see that A contains an 
infinite path ending in N, a contradiction. This proves the sub-lemma. 

Now, assume that Homc(^^,^ ) = 0. We deduce from the above sub-lemma 
that IIomc(^^,^) = 0. Using the dual statement, we obtain llomc{A, A~) = 0. 
It remains to construct a fc-linear equivalence F : kA — >■ C{A). Since the objects 
in A have a trivial automorphism field, so do the objects in F. Set F{X) ~ X 
and F{e^) = 1^ for X e A. Let X,Y e A with d = 4^ > 0. It a^ : X ^ Y, 
i — 1, . . . , d, are the arrows from X to Y , then we choose irreducible morphisms 
fa- : X ^ Y such that /^^ + rad^(X, Y), . . . , f^^ -(- rad^(X, Y) form a fc-basis of 
irr(X, y), and set F{ai) = /„. , i = 1, . . . ^d. In an evident manner, we obtain a 
fc-linear functor F : kA — )• C{A). 

We claim that F induces a fc-isomorphism F^^ ■ Homfe/i(X, Y) IIomc(-'^, Y), 
for any X,Y £ A. Since every object in A admits a sink morphism and a source 
morphism, A is locally finite. Having no infinite path, by Kbnig's Lemma, A has 
at most finitely many paths from X to Y. Define an integer n^i^ in such a way 
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that = — 1 if ^ has no path from X to Y; and otherwise, n^^ is the maximal 
length of the paths from X to Y. li n^y — —1, then the claim follows easily from 
the above statement. If n^^ = 0, then llonikA(X,Y) = ke^. On the other hand, 
Homc(X, y) = kly by the above sub-lemma, and the claim follows. 

Suppose that n^^ > 0- Let (3i : Zi ^ Y , i = 1, . . . , s, be the arrows in A ending 
in Y. Then n^^. < n^y, and (/^j, • ■ • ,fp^) : .^i ® • ■ • © .^s — ^ ^ is irreducible; 
see PI (3.4)]. Since Y admits a proper sink morphism, there exists a morphism 
u : U ^ Y such that v ^ {fp^ , • • • ,fp^,,u) : Zi ® ■ ■ ■ ® Zg ® U Y is a, proper 
sink morphism. Let h : X ~^ Y he a, morphism in C. Being radical, h factors 
through V. Since Z\ is a section, every indecomposable summand of U lies in tA; 
and since Honic(^, A~) — 0, we have h = fp^hi + ■ • ■ + fi3^hs, with morphisms 
hi : X Zi in C. For each 1 < J < s, by the induction hypothesis, hi is a 
sum of composites of the chosen irreducible morphisms. Therefore, /i is a sum of 
composites of the chosen irreducible morphisms. Hence, F^^ is surjective. Next, 
let p : X ^> y be in kA such that F{p) — 0. Then p = Pipi + • • • + PsPs, where the 
Pi : X ^ Zi are in kA. Set w = • • • , F{ps))^ : X -> Zi © • • • © Z^. Then 

if fin ■ ■ ■ 1 fps)''^ — P{p) = 0. If C has an almost slit sequence ending in Y then, 
by Lemma fl.ir 2). w factors through tY; and since Homc(X, Z\~) = 0, we have 
w = 0. Otherwise, w is a monomorphism, and hence, w = 0. That is, in any case, 
F{pi) ~ 0, and by the inductive hypothesis, = 0, i = 1, . . . , s. As a consequence, 
p = 0. Thus, F-j^Y is injective. This implies that F is an equivalence. By Theorem 
II. 4|, r is standard. This establishes the sufficiency, and the necessity is evident. 
The proof of the theorem is completed. 

Let S he a, convex subquiver of . We shall say that S is schurian if, for any 
objects X,Y in S, the A:-space Homc(X, F) is of dimension at most one; and it 
vanishes whenever y is a not successor of X in X'. Moreover, we call E a wing of 
rank n if it is trivially valued of the following shape: 

o 

o •< o 

^ X X X 

o -s o •< o 

o •< o • • • o •< o 

o •< o ■ • • • • • o •< o, 

where the dotted arrows indicate the action of r, the objects are pairwise distinct 
and the number of r-orbits is n; see jTS] (3.3)]. In this case, the object on the top 
is called the wing vertex and the objects at the bottom are said to be quasi-simple. 

1.7. Lemma. Let W be a wing of F^. If the quasi-simple objects in W are pairwise 
orthogonal bricks, then W is schurian. 

Proof. Assume that the quasi-simple objects in W are pairwise orthogonal bricks. 
Let n be the rank of W. If n = 1, then the lemma holds trivially. Suppose that 
n > 1 and the lemma holds for wings of rank n — 1. Write the objects in W as 
Xij with 1 < j < n and j < i < n so thai Xn is the wing vertex and the Xnj 
with 1 < j < n are the quasi-simple objects. Observe that X21 is the wing vertex 
of a schurian wing Wi , while X22 is the wing vertex of a schurian wing W2 . It is 
evident that we may choose irreducible morphisms fij : Xij Xi+ij for j < i < n 
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and I < j < n; and irreducible morphisms gpq : Xpq Xp_i_g_i for q < p < n and 
2 < q < n such that 

£{Xnj) '■ Xfi.j + l ■ — Xn-l.j ^ Xnj 



is an almost split sequence, for j = — 1; and 



(9i,j+i./i,j + i) \.9j+lj + ly 

£(Xy) : Xij^i 9- Xi^ij © Xi^ij^i s- Xij 

is an almost split sequence for 1 < j < n and j < i < n. Next, we shall divide the 
proof into several sub-lemmas. 

(1) }lomc{XniT Xii) = and HomciXn, Xnn) — 0, for 1 < i < n. Suppose 
that C has a non-zero morphism / : Xni — > Xrr for some 1 < r < n. Assume 
that r is maximal. Since X„i,X„„ are orthogonal, we have r < n. Since Wi is 
schurian, frrf — 0. Applying Lemma ll.ir 2) to the almost split sequence £{Xr+i^r), 
we see that / factors through gr+i.r+i '■ ^r+i,r+i Xrr, which contradicts the 
maximality of r. The first part of the statement is established. In a dual manner, 
we may prove the second part. 

(2) Homc(Xa, W2) = and Homc(Wi,X,i) = 0, for I < i < n. Suppose that 
/ : Xsi X is a non-zero morphism with 1 < s < n and X e yV2, which is 
necessarily radical. If X ^ Xjj for any 2 < j < n, then X admits a sink morphism 
whose domain is a direct sum of one or two objects in yV2- Factorizing / through 
this sink morphism, we obtain a non-zero morphism g : X^i — > Xu with 2 < i < n. 
Assume that s is maximal for this property. By Statement (1), s < n. Since W2 is 
schurian, ggs+1.2 = 0. Applying Lemma lLlf S) to £{Xs+i.i), we see that g factors 
through /si : Xsi — > X^+li, which contradicts the maximality of s. The first part 
of the statement is established. In a dual fashion, we may establish the second part. 

(3) Horn c ( Ar„„ , Wi ) = and IIomc(W2, X„i) = 0. Suppose that C has a non- 
zero morphism / : Xnn ^ Xpq with 2 < p < n and 1 < q < p. We may assume 
that p is maximal for this property. Since the quasi-simple objects are orthogonal, 
p < n. By the maximality of p, we have fpqf — 0. Applying Lemma Il.ir 2) to 
£{Xp-^.i^q), we see that / factors through gp^i^q^i, contrary to the maximality of p. 
The first part of the statement is established, and the second part follows dually. 

(4) /// : Xii — > Xii with I < i < n is such that fgt+i^i+i ■ ■ ■ gnn = 0, then f — 0. 
Dually, if g : Xu Xu is a morphism with 1 < i < n such that fn-1,1 ■ ■ ■ fug — 0, 
then 5 = 0. Suppose that /^i+i i+i • ■ • gnn = but f ^ 0. Let r with i + 1 < r < n 
be minimal such that /gi+i.i+i • ■ ■ grr = 0. Write fgi+i,i+i ■ ■ ■ grr = ggrr, where 
g : Xr-i,r-i Xii is a non-zero morphism. Applying Lemma 1 1. If 3) to £{Xr^r~i), 
we see that g factors through fr-i^r-i, which contradicts Statement (2). This 
establishes the first par of the statement. 

(5) Home {X a, X 11) and IIomc(Xii, X^i) are one-dimensional, for I < i < n. 
It suffices to prove the first part of the statement, since the second part follows 
dually. Let / : Xnn Xu be a morphism. By Statement (3), /n/ = 0. Applying 
Lemma [TT1T 2') to £{X2i), we obtain some /i : Xnn X22 such that / — 322/1- 
Since /22/1 = by Statement (3), we may repeat this process to obtain a morphism 

fn-l ■■ Xnn Xnn SUCh that / = ^22 ' ' -ffrm/n-l- SiuCC Wi is SChuriau, fn-1 = Al 

for some A G fc, and hence, / — Xg22 ■ ■ - gnn- Since (722 ■ ■ - gnn 7^ 0, we see that 
{522 ■ --gnri} is a fc-basis for IIomc(A:„„, ATu). Write = Ix^. If 5 : Xu Xn 
is a morphism with 1 < i < n, then ggi+i^^+i ■ ■ ■ gnn = M522 ■ ■ • 5rm = ■ ' ■ 5nn, 
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for some fi € k. This yields that {g ~ fign ■ ■ ■ gii)gi+i,i+i ■ ■ ■ gnn = 0. By the first 
part of Statement (4), g — fj-gn ■ ■ ■ ga- Being non-zero, gn • • ■ gu forms a /c-basis for 
Homc(X^i,Xii). 

Now, suppose that Homc(X, F) ^ for some X, F G W. We claim that Y is 
a successor of X and Homc(X, y) is one-dimensional. If X e Wi, then Y G Wi 
by Statement (2). Since Wi is schurian, our claim follows. Otherwise, X = Xss 
for some 1 < s < n. li s — n then, by Statement (3), Y = Xa for some 1 < 
i < n. Combining Statement (5) and the fact that W2 is schurian, we see that 
Homc(^, F) is one-dimensional. If s = 1, then Y = Xji for some 1 < j < n, and 
hence, Ilomc{X,Y) is one-dimensional by Statement (5). Finally, suppose that 
1 < s < n. IfyG yV2, since W2 is schurian, our claim follows. Otherwise, by 
Statement (3), Y — Xti for some 1 < t < n. If i = 1, then llomc{X,Y) is one- 
dimensional by Statement (5). It remains to consider the case where 1 < t < 71. 
Let / : Xss Xti be a non-zero morphism with 1 < s,t < n. Factorizing / along 
the 8{Xji) with 2 < j < t, we get g : Xgs — > and h : Xss Xn such 

that / = gt+1,29 + /t-1,1 ■ ■ ■ fiih. By Statement (5), h = Ag22 • • -gss with A G fc. 
This yields / = gt+i^2U, where u : Xss ^ ^t+1,2 is a non-zero morphism. Since 
W2 is schurian, Xt+1.2 is a successor of Xss and Homc(^ss, ^t+1,2) has a fc-basis 
{u}. Therefore, / = ^gt+i^2V with /i G fc. This shows that {gt+i^2v} is a fc-basis for 
Yiomc{X ss 1 Xti) ■ This establishes our claim. The proof of the lemma is completed. 

Let A+ and denote the linearly oriented quivers of type Aoo having a unique 
source and having a unique sink, respectively. If F is a connected component of 
of shape ZAqo, NA+ or N^A^, then the objects in 7^ having at most one immediate 
predecessor and at most one immediate successor are called quasi-simple. 

1.8. Theorem. Let C be a Hom-finite Krull- Schmidt additive k-category with F a 
connected component of F^. If F is a wing or of shape ZAqo, NAj|^ or N~ A^, then 
it is standard if and only if its quasi-simple objects are pairwise orthogonal bricks. 

Proof. We shall need only to prove the sufficiency. Let T be a wing or of shape 
ZAoo, I^A+j or N^A|^ with the quasi-simple objects being pairwise orthogonal 
bricks. Then any two objects in F lie in a wing whose quasi-simples are pairwise 
orthogonal bricks. By Lemma [TTTl F is schurian. Choose a section Z\ of T so that 
A is the right-most section if P is a wing or of shape N^A^; and A is the left-most 
section if F is of shape NA^ ; and A is any section with an alternating orientation if 
F is of shape ZAqq. Then A^ has no right infinite path and A'^ has no left infinite 
path such that Homc(Zi+, AU A^) = and UomdA, A^) = 0. 

For each arrow a : X ^ Y in A, we choose an irreducible morphism fa'.X^Y 
in C. Since every path in A is sectional, the composite of any chain of the chosen 
irreducible morphisms is non-zero; see [111 (2.7)]. Therefore, for any M,N G A, 
Home (A/, N) is one-dimensional if and only if iV is a successor of M in Z\, and in this 
case, the composite of the chain of the chosen irreducible morphisms corresponding 
to the path from M to iV forms a fc-basis for Homc(^, y). It is now easy to see 
that kA = C{A). By Theorem 11.41 F is standard. This establishes the sufficiency, 
and the necessity is trivial. The proof of the theorem is completed. 

2. Specialization to representation categories of quivers 

Throughout this section, we fix a connected quiver Q = {Qo, Qi), where Qo is the 
set of vertices and Qi is the set of arrows, which is assumed to be strongly locally 
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finite, that is, Q is locally finite such that the number of paths between any two given 
vertices is finite. A k-representation M of Q consists of a family of fc-spaces M{x) 
with X e Qo: and a family of fc-maps M{a) : M{x) — > M{y) with a : a; ^> y e Qi. 
For such a representation M, one defines its support supp M to be the full subquiver 
of Q generated by the vertices x for which M{x) ^ 0, and one calls M locally 
finite dimensional if dmikM{x) is finite for all x e Qq, and finite dimensional if 
Y,j:^QgdmikM{x) is finite. The locally finite dimensional fc-representations of Q 
form a hereditary abelian /c-category rep(Q). The subcategory of rep(Q) of finite 
dimensional representations is written as rep''(Q). For each x G Qo, one constructs 
an indecomposable projective representation and an indecomposable injective 
representation Ix; see [3l Section 1]. Since Q is strongly locally finite, Px and Ix 
lie in rep((5). One says that M G rep((5) is finitely presented if M has a minimal 
projective presentation Pi — Pq — s- M — s- 0, where Pi, Pq are finite direct sums 
of some Px with x e Qq; and finitely co-presented if M has a minimal injective co- 
presentation — s- M — s- Iq — /i, where Iq, Ii are finite direct sums of some Ix 
with x € Qo- Let rep+(Q) and rep~ (Q) be the full subcategories of rep((5) of finitely 
presented representations and of finitely co-presented representations, respectively. 
Then rep''(Q) is the intersection of rep+((5) and rep"(Q). In particular, Ix £ 
rep"'"((5) if and only if Ix € Tep^{Q). One denotes by the full subquiver of Q 
generated by the vertices x for which Ix G rep^{Q). 

It is known that rep+((5) and rep^((5) are hereditary, abelian and Hom-finite; 
see [3i (1.15)]. In particular, they are KruU-Schmidt. The shapes of the their 
Auslander-Reiten components have been well described. Indeed, the Auslander- 
Reiten quiver Prep+(Q) of rep+((5) has a unique preprojective component, which has 
a left-most section generated by the Px with x S Qo', see [51 (4.6)] and [131 (2.4)]. 
The connected components of Prop+(Q) containing some of the Ix with x G are 
called preinjective, which correspond bijectively to the connected components of 
the quiver Q~^. Note that every preinjective component has a right-most section 
generated by its injective representations Ix', see |131 (2.4)] and [21 (4.7)]. The other 
connected components of -ricp+(Q) a-i'e called regular, which are wings, stable tubes 
or of shapes ZAoo,NA+ and N'A^; see |3l (4.14)], [12] and [13]. 

The following easy fact is well known in the finite case. 

2.1. Lemma. Let X and Y be representations lying in Prcp+(Q)- If^X and tY are 
defined in rrop+(Q), then }iom^^p+(^Q){X,Y) ^ IIomi.op+((5) (tX, tF). 
Proof. Assume that tX and tY are defined in r'rcp+(Q)- In view of the proof 
stated in [S] (2.8)], we have Hom(TX,rF) = i:)Ext^(r,rX). Dually, since tX is 
not injective and finite-dimensional; see [S] (3.6)], Hom(X, F) = I?Ext^(y, rX). 
The proof of the lemma is completed. 

Recall that Q is of infinite Dynkin type if its underlying graph is Aqo , or Dqo ■ 
In this reduced walk is a string if it contains at most finitely many, but at 

least one, sinks or sources. To each string w, one associates a string representation 
Mm defined as follows: for x G Qo, one sets Mw{x) = k li x appears in w, and 
otherwise, M^ix) = 0; and for a G Qi, one sets M^(a) = 1 if a arrears in w, 
and otherwise, M^{a) — 0; see [S] Section 5]. It is easy to see that every string 
representation has a trivial endomorphism algebra. 
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2.2. Theorem. Let Q be a connected quiver which is strongly locally finite. 

(1) The preprojective component and the preinjective components of r^.^p+^Qj are 
standard. 

(2) // Q is of finite or infinite Dynkin type, then every connected component of 
^rcp+(Q) "i-s standard. 

(3) // Q is infinite but not of infinite Dynkin type, then /^rcp+(Q) has infinitely 
many non-standard regular components. 

Proof. (1) The preprojective component Vq of /^rcp+(Q) has a left-most section A 
which is generated by the Px with x £ Qo and isomorphic to see JSj (4.6)] 

and [13l (2.4)]. Hence, = 0. Moreover, A'^ has no left infinite path; see [3j 
(4.8)] and (jl.Sp . If / : X ^ F is a non-zero morphism with X e Vq and Y £ A, 
then X is a predecessor of Y in Vq; see [3| (4.9)], and hence, X <E A. Therefore, 
Homi.ep+(Q)(^''', ^) = 0. Let V[Q) be the full subcategory of rep """(Q) generated 
by the Px with x G Qq. For each arrow a : y — )> x in Q, denote by Pa : Px ^ Py 
the morphism given by the right multiplication by a. It is easy to see that 

F : kQ°P V{Q) : x ^^ Px] a° ^^ P„ 

is a faithful fc- functor, which is also full by Proposition 1.3 stated in |3j. Thus, A 
is standard. By Theorem 11.41 Vq is standard. Dually, the preinjective component 
Iq of ri.cp-(Q) is standard. By the dual of Lemma 4.5(1) stated in [3], Iq has 
a left-most section generated by its infinite-dimensional representations. Now 
the preinjective components of /^rop+(Q) ^-^e the connected components of the com- 
plement of in Iq. Hence, each preinjective component of i^rop+(Q) is a convex 
translation subquiver of Xg, and in particular, it is standard. 

(2) Suppose that Q is of infinite Dynkin type. Let 7^ be a regular component 
of Pi-cp+iQ). Then T is a wing or of shape ZAoo, N^A^ or NA+ ; see O (4.14)]. 
Moreover, Q is of type AJ^ or Doo; see [3l (5.16)]. Assume first that Q is of 
type AJ^. By Proposition 5.9 stated in |3], the representations in rj.op+(Q) are all 
string representations, and hence, they are all bricks. Moreover, the quasi-simple 
representations in F have pairwise disjoint supports; see [S] (5.15)]. In particular, 
they are pairwise orthogonal. By Theorem ll.81 F is standard. 

Assume next that Q is of type Doo- Then F is of shape ZAqo, NA+ or N^A^; 
see [3l (5.22)]. In particular, r or is defined everywhere in F. We shall consider 
only the first case, since the second case can treated in a dual manner. Let a G Qq 
be one of the two vertices of weight one, which lies in the support of at most 
two quasi-simple representations; see [H (5.20)]. Thus, there exists a quasi-simple 
representation S € F such that (r"iS')(a) = 0, for all n > 0. 

Let M, N be quasi-simple representations in F. There exists m > such that 
T™M — t'^S and t™N — t^S with r,s > 0. We may assume that r > s. By Lemma 
[2Tl Hom(M,iV) = Hom(T™M, r™iV) = Hom(r''S', t'S"). Since (T' .S')(a) = 0, we see 
that T^S is a string representation; see [3l (5.19)]. Thus, S is a brick. Taking 
N = M, we see that M is a brick. Suppose that M ^ N. Then r > s. Setting 
t = r — s, there exists a sectional path St — St^i — ■ • • — 5*1 — 5~ r^S* in F. 
For X £ Qo, we have dimS'((a;) = X][=s Since {T^S){a) = for i > 0, 
dimS't(a) — 0. Hence, St is a string representation; see (2-19)]. If the supports of 
T^S and t'^S have a common vertex b, then dimS't(5) > dimr''iS'(6)-|-dimT''iS'(5) > 2, 
contrary to St being a string representation. Thus, t'^S and t^S have disjoint 
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supports. In particular, they are orthogonal, and so are M and N . By Theorem 
11.81 r is standard. In view of Statement (1), we have established Statement (2). 

(3) Suppose that Q is infinite but not of infinite Dynkin type. Then Q has a finite 
subquiver S of Euclidean type. Then we can find a homogeneous tube 7" in /^rep''(i;) ! 
see, for example, [3l (6.3)]. Let Mi with j > 1 be the representations in T which 
are not quasi-simple. Regarded as representations of Q, the Mi are distributed in 
infinitely many regular components of /^rcp+(Q); see [S] (6.1), (6.2)]. These regular 
components are not standard, since the Mi have non-trivial endomorphism algebras. 
The proof of the theorem is completed. 

Remark. (1) In view of Theorem 5.17 stated in [3], we see that wings and the 
translation quivers ZAoo, NA+ and N^A;^ all occur as standard Auslander-Reiten 
components of KruU-Schmidt categories. 

(2) Let Q be finite of Euclidean type. If k is not algebraically closed, then some 
indecomposable fc-representations of Q have a non-trivial automorphism field; see 
the proof in 3, (6.3)]. As a consequence, every connected component of r'rop''(Q) is 
standard if and only if k is algebraically closed. 

We conclude this section with an application to the bounded derived category 
Z)^(rep+((5)) of rep+((5). Since rep"'"(Q) is hereditary, the vertices of ^_D!>(rop+(Q)) 
can be chosen to be the shifts of those in -ricp+(Q)- If Q is not of finite Dynkin 
type, then the connected components of ^_D''(rep+(Q)) ^-re the shifts of the regular 
components of -r'rep+(Q) and the shifts of the connecting component, which is ob- 
tained by gluing the preprojective component together with the shift by —1 of the 
preinjective components of /^rcp+(Q); see [5} (4.4)] and [3] (7.10)]. In case Q is of 
finite Dynkin type, ^£)''(rep+(Q)) is connected of shape Z(5°p, which is obtained by 
gluing, for each integer i, the shift by i of r'rcp''(Q) together with its shift by j -I- 1; 
see [SI (4.5)]. In this case, we also call r j^b/^^^^+f^Q-^-^ the connecting component. 

2.3. Theorem. IfQ is a connected strongly locally finite quiver, then the connecting 
component of F j^b (^q-^-^ is standard; and every connected component is standard 
in case Q is of finite or infinite Dynkin type. 

Proof. Assume that Q is a connected strongly locally finite quiver and Cq is 
the connecting component of -r£)6(i.op+(Q)). Let A be the full subquiver of Cq 
generated by the representations € ri-cp+{Q) with x € Qq, which is isomor- 
phic to It follows from Lemma 7.8 stated in [3] that Z\ is a section of Cq. 
Since rep"'"((5) fully embeds in {lep'^ (Q)) , by Theorem 12.21 A is standard. Let 
M,N G rep+((3). Since iep'^{Q) is hereditary, IIom£|b(rcp+(Q))(Af [w], A^[n]) — 
for m > n; see [7] (3.1)]. Combining this fact with the standardness of the prepro- 
jective component of -rrcp+(Q)7 we deduce easily that Hom£|f,(rcp+(Q)) (^^, A) ~ 
and Hom£,6(,^p+(Q))(Z\UZ\+,Z\~) = 0. 

If Q is not of finite Dynkin type, then A'^ coincides with the full subquiver of 
the preprojective component of /^rcp+(Q) generated by the non- projective represen- 
tations, while A^ coincides with the shift by —1 of the preinjective components of 
Prcp+iQ)- Thus, contains no left infinite path and A~ contains no right infinite 
path by Lemma 4.8 stated in [3j. This is also the case if Q is of finite Dynkin type; 
see (|1.5p . Thus Cq is standard by Theorem 11.41 This establishes the first part of 
the theorem. Combining this with Theorem l2.2f 2). we obtain the second part. The 
proof of the theorem is completed. 
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Remark. Let Q have no infinite path. If Q is not of finite Dynkin type, tlien 
-^rcp+(Q) has a unique preinjective component of shape NQ°p and its proprojective 
component is of shape N~Q°^; see O (4.7)]. Thus, in any case, the connecting 
component of -r_Di>(rcp+(Q)) is standard of shape ZQ°p. 

3. Specialization to module categories of algebras 

Throughout this section, assume that k is algebraicahy closed. Let A stand for 
a finite-dimensional fc-algebra and mod^ for the category of finite-dimensional left 
A-modules. In this classical situation, we have the following easy criteria for an 
Auslander-Reiten component with sections to be standard. 

3.1. Theorem. Let A be a finite- dimensional algebra over an algebraically closed 
field, and let F be a connected component of F^odA- If A is a section of F , then 
F is standard if and only if IIomyi(Z\, tA) = if and only j/HomA(T^Z\, A) ~ 0. 

Proof. Let Z\ be a section of F. Note that every module in A admits a proper 
sink map and a proper source map. Moreover, since the base field is algebraically 
closed, every module in A has a trivial automorphism field. 

Suppose that Homyi(Z\, tZ\) = 0. Then A is finite; see [TU (2.1)]. By Lemma 
11.51 A'^ has no left infinite path and A^ has no right infinite path. Assume that 
Homyi(X, y) 7^ for some X e Z\+ andF e A-. Since every module in A'^ admits 
a sink epimorphism, we obtain an arrow Xi X in F such that HomA(Xi, Y) 0. 
Observe that Xi G AU A~^ . If Xi e Z\+, then F has an arrow X2 — >■ Xi such that 
Homyi(X2, Y) ^ 0. Since A'^ has no left infinite path, there exists a module M in Z\ 
such that Hom^(A/, Y) ^ 0. Similarly, since A~ has no right infinite path and every 
module in A^ has a source monomorphism, there exists a module A'^ in tA such 
that Hom^(M, A^) 7^ 0, a contradiction. This shows that Hom^(Z\'*', Z\~) = 0. 
By Theorem 11.61 F is standard. If Hom^(r~Zi, Zi) = 0, one shows in a dual 
manner that F is standard. Conversely, it is evident that Hom^ (Z\, tZ\) = and 
Hom^ (r~Z\, Z\) = if T is standard. The proof of the theorem is completed. 

Let r be a connected component of I^modA- Recall that F is generalized standard 
if rad°°(mod^) vanishes in F; see [Tl]. It is known that F is generalized standard 
if it is standard; see [9], and the converse holds true in case F has no projective 
module or no injective module; see [16]. Observing that the conditions on A stated 
in Theorem 13.11 are trivially verified in case 7^ is generalized standard, we obtain 
the following consequence. 

3.2. Corollary. Let F be a connected component of F^o^A- If T has a section, 
then it is standard if and only if it is generalized standard. 

The algebra A is called tilted if ^4 = End/f (T), where H \s a. finite-dimensional 
hereditary algebra and T is a tilting iJ-module. In this case, mod^ contains slices; 
see [5], and a connected component of r'modA containing the indecomposable mo- 
dules of a slice is called a connecting component. It is shown that a connecting 
component of a tilted algebra is standard; see [U (5.7)]. 

3.3. Corollary. If F is a connected component of F mod A, then F is standard with 
sections if and only if it is a connecting component of a tilted factor algebra of A. 
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Proof. Let F be a connected component of r'modA- Suppose first that F is standard 
with a section A. In particular, we have Homyi(Z\, tZ\) = 0. If / is the intersection 
of the annihilators of the modules in F, then B = A/ 1 is a tilted algebra with F a 
connecting component of F^odB', see [51 (2.2)], and also [15]. 

Suppose next that there exists a tilted algebra B = A/I with F being a connect- 
ing component of -TmodB- Then 7^ has a section A generated by the non-isomorphic 
indecomposable modules of a slice of mod_B. By the defining property of a slice, 
HomB(Z\,TZ\) = 0. Thus, by Theorem 13. 1[ F is a standard component of Tinods- 
Since modi? fully embeds in mod^, we see that F is a standard component of 
-TmodA- The proof of the corollary is completed. 



References 

[1] I. AssEM, J. C. BusTAMANTE AND P. Le Meur, "Coverings of Laura Algebras : the Standard 

Case", J. Algebra 323 (2010) 83 - 120. 
[2] R. Bautista, "Irreducible morphisms and the radical of a category" , Ann. Inst. Math. Univ. 

Nac. Auto. Mex. 22 (1982) 83 - 135. 
[3] R. Bautista, S. Liu and C. Paquette, "Representation theory of strongly locally finite 

quivers", Proc. London Math. Soc, in press. 
[4] K. BONGARTZ and P. Gabriel, "Covering spaces in representation theory". Invent. Math. 65 

(1982) 331 - 378. 

[5] D. Happel, "On the derived category of a finite-dimensional algebra" , Comment. Math. Helv. 
62 (1987) 339 - 389. 

[6] D. Happel and C. M. Ringel, "Tilted algebras", Trans. Amer. Math. Soc. 274 (1982) 399 
- 443. 

[7] H. Lenzing, "Hereditary Categories", Handbook of tilting theory, London Mathematical So- 
ciety Lectures Note Series 332 (Cambridge University Press, Cambridge, 2007) 105 - 146. 

[8] S. Liu, "Tilted algebras and generalized standard Auslander-Rciten components". Arch. 
Math. 61 (1993) 12 - 19. 

[9] S. Liu, "Infinite radicals in standard Auslander-Reiten components", J. Algebra 166 (1994) 
245 - 254. 

[10] S. Liu, "Shapes of connected components of the Auslander-Reiten quivers of artin algebras," 

Representation theory of algebras and related topics (Mexico City, 1994) Canad. Math. Soc. 

Conf. Proc. 19 (Amer. Math. Soc, Providence, 1996) 109 - 137. 
[11] S. Liu, "The Auslander-Reiten theory in a KruU-Schmidt category". Proceedings of the 13th 

International Conference on Representations of Algebras (Sao Paulo, 2008); Sao Paulo J. 

Math. Sci. 4 (2010) 425 - 472. 
[12] C. M. RiNGEL, "Finite dimensional hereditary algebras of wild representation type". Math. 

Z. 161 (1978) 235 - 255. 

[13] C. M. RiNGEL, "Tame Algebras and Integral Quadratic Forms", Lecture Notes in Mathema- 
tics 1099 (Springer- Verlag, Berlin, 1984). 

[14] A. Skowronski, "Generalized standard Auslander-Reiten components", J. Math. Soc. Japan 
46 (1994) 517 - 543. 

[15] A. Skowronski, "Generalized standard Auslander-Reiten components without oriented cy- 
cles", Osaka J. Math. 30 (1993) 515 - 527. 

[16] A. Skowronski, "On semi-regular Auslander-Reiten components". Bull. Polish Acad. Sci. 
Math. 42 (1994) 157 - 163. 



Shiping Liu 

Departement de mathematiques 
Universite de Sherbrooke 
Sherbrooke (QC), Canada J IK 2R1 
Email: shiping. liu@usherbrooke.ca 



Charles Paquette 

Department of Mathematics and Statistics 
University of New Brunswick 
Fredericton (NB), Canada E3B 9P8 
Email : charles .paquette® usher brooke . ca 



